
where

d1 (ψ) = ∆yψ −∆xψ,

d2 (ψ) = |∇yψ|2 − |∇xψ|2 .

Then, we obtain

J1 = −2s Im

∫

Ω

z∂t(∇yϕ) · ∇yzdxdydt + 2s Im

∫

Ω

z∂t(∇xϕ) · ∇xzdxdydt

= −2s Im

∫

Ω

(
−2γ2βt

)
zϕ∇yψ · ∇yzdxdydt

+2s Im

∫

Ω

(
−2γ2βt

)
zϕ∇xψ · ∇xzdxdydt (3.22)

and

J2 =

m∑

i,j=1

Re

∫

Ω

4sϕyiyjzyjzyidxdydt− Re

m∑

j=1

n∑

i=1

∫

Ω

4szyizxj
ϕyixj

dxdydt

=

m∑

i,j=1

Re

∫

Ω

4sγϕ
(
ψyiyj + γψyiψyj

)
zyjzyidxdydt +

∫

Ω

4sγ2ϕ |∇yψ · ∇yz|2 dxdydt

−
m∑

j=1

n∑

i=1

∫

Ω

4sγ2ϕ (∇yψ · ∇yz) (∇xψ · ∇xz) dxdydt. (3.23)

Before estimating J3, we can directly verify

∆y (ϕd2 (ψ)) = (∆yϕ) d2 (ψ) + 2∇yϕ · ∇y (d2 (ψ)) + ϕ∆y (d2 (ψ))

= γϕ (∆yψ) d2 (ψ) + γ2ϕ |∇yψ|2 d2ψ + 2γϕ∇yψ · ∇y (d2 (ψ))

+ϕ∆y (d2 (ψ)) ,

∆y (ϕd1 (ψ)) = (∆yϕ) d1 (ψ) + 2∇yϕ · ∇y (d1 (ψ)) + ϕ∆y (d1 (ψ))

= γϕ (∆yψ) d1 (ψ) + γ2ϕ |∇yψ|2 d1ψ + 2γϕ∇yψ · ∇y (d1 (ψ))

+ϕ∆y (d1 (ψ)) .
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